Starting from the existing input-and output-oriented plant capacity measures, this contribution proposes new long-run input-and output-oriented plant capacity measures. While the former leave fixed inputs unchanged, the latter allow for changes in all input dimensions to gauge either a maximal plant capacity output or a minimal input combination at which non-zero production starts. We also establish a formal relation between the existing short-run and the new long-run plant capacity measures. Furthermore, for a standard nonparametric frontier technology, all linear programs as well as their variations are specified to compute all efficiency measures defining these short-and long-run plant capacity concepts. Furthermore, it is shown how the new long run plant capacity measures are identical to existing models of a variable returns to scale technology without inputs or without outputs (see Lovell and Pastor (1999) ): thus, we offer an interesting production economic justification for these models. Finally, we numerically illustrate this basic relationship between these short-run and long-run technical concepts of capacity utilisation.
INTRODUCTION
The notion of plant capacity was introduced by Johansen (1968, p. 362) as "... the maximum amount that can be produced per unit of time with existing plant and equipment, provided that the availability of variable factors of production is not restricted." Färe (1984) established necessary and sufficient conditions for the existence of plant capacity. For instance, he shows that the plant capacity notion cannot be obtained for certain popular parametric technology specifications (e.g., Cobb-Douglas). Färe, Grosskopf and Kokkelenberg (1989) and Färe, Grosskopf and Valdmanis (1989) introduce a nonparametric frontier framework in which plant capacity as well as a measure of the capacity utilisation can be determined from data on observed inputs and outputs using a pair of output-oriented efficiency measures.
For over 25 years, no major methodological innovation has occurred related to this plant capacity concept. While input-and output-oriented efficiency measurement models have become widely available in most frontier models (e.g., Hackman (2008) or Zhu (2014) ), only an outputoriented plant capacity concept was existent. Recently, Cesaroni, Kerstens and Van de Woestyne (2016) use the same framework to define a new input-oriented measure of plant capacity utilisation based on a couple of input-oriented efficiency measures.
In addition to this engineering notion of plant capacity, one can mention at least three ways of defining an economic, cost-based capacity concept in the literature (e.g., Nelson (1989) ). Each of these cost-based notions attempts to determine the short run inadequate or excessive utilisation of existing fixed inputs. A first concept concentrates on the outputs produced at short-run minimum average total cost given existing input prices (e.g., Hickman (1964) ). A second definition focuses on the outputs for which short-and long-run average total costs curves are tangent (e.g., Segerson and Squires (1990) ). A third capacity notion considers the outputs determined by the minimum of the long-run average total costs (e.g., Klein (1960) ). Alternative economic capacity concepts are discussed in Grifell-Tatjé and Lovell (2014) . IÉSEG Working Paper Series 2017-EQM-04 2 Each of these capacity notions has its advantages and disadvantages. 1 Estimates of plant capacity have regularly been reported in the literature, though it cannot be denied that the plant capacity notion is nowhere as popular as some of the cost-based notions of capacity. This paper develops two new plant capacity measures using nonparametric frontier technologies that take a long run instead of a short run perspective: one output-oriented, and one input-oriented. Furthermore, this paper compares both these short-and long-run plant capacity notions to one another. It turns out to be the case that the long run plant capacity measures are identical to existing models of a variable returns to scale technology without inputs or without outputs as proposed by Lovell and Pastor (1999) . Therefore, these new long run plant capacity measures offer an interesting production economic justification for the use of these existing models of Lovell and Pastor (1999) .
The paper is structured as follows. Section 2 introduces technologies and their representations using efficiency measures, the inverses of distance functions. Section 3 defines the traditional short-run input-and output-oriented plant capacity measure. Then, the new long-run plant capacity measures are proposed. Also a relation between short-and long-run plant capacity measures is established. For a standard nonparametric frontier technology, Section 4 specifies all linear programs as well as their variations needed to compute all efficiency measures defining these short-and long-run plant capacity concepts. It also establishes a relation with the literature on frontier models without inputs and without outputs. A numerical example in Section 5 illustrates these relations between short-run and long-run plant capacity concepts. Some concluding remarks are made in the final section. 3
TECHNOLOGY: DISTANCE FUNCTIONS AND EFFICIENCY MEASURES
We start by defining technology and some basic notation. It is common to partition the input vector into a fixed and variable part (
Note that technology S f is obtained by projection of technology
by setting all variable inputs equal to zero). By analogy, the set P is realized by projection of
, by setting all inputs equal to zero). We return to the precise relations between the set S and its projections S f and P in Section 5.
One can define the radial input efficiency measure as:
It offers a complete characterisation of the input set L(y). The main properties are that it is situated between zero and unity (0 < DFi(x,y) ≤ 1), with efficient production on the boundary (isoquant) of the input set L(y) represented by unity, and that the radial input efficiency measure has a cost interpretation (see, e.g., Hackman (2008) ).
By analogy, denote the radial input efficiency measure of the input set L f (y) by DFi f (x f ,y). This is defined as follows:
Next, one can define the radial output efficiency measure as:
It offers a complete characterization of the output set P(x). Its main properties are that it is larger than or equal to unity (DFo(x,y) ≥ 1), with efficient production on the boundary (isoquant) of the output set P(x) represented by unity, and that the radial output efficiency measure has a revenue interpretation (e.g., Hackman (2008) ).
By analogy, denote the radial output efficiency measure of the output set P f (x f ) by DFo f (x f ,y).
Then, this efficiency measure can be defined as 
is the sub-vector input efficiency measure reducing variable inputs evaluated relative to this input set with a zero output level.
PLANT CAPACITY UTILISATION: LITERATURE REVIEW AND DEFINITIONS
Since this paper focuses on plant capacity, we discuss some empirical studies based on this concept.
Since the large majority of empirical plant capacity studies focuses on fisheries and health care, we briefly summarise some of these studies.
The existing plant capacity measures can in fact be interpreted as focusing on the short run, where a subvector of fixed inputs cannot be changed. The new plant capacity measures take a long run perspective and assume that all inputs can be varied when determining plant capacity measures.
We first treat the existing short-run plant capacity measures. Thereafter, the new long-run plant capacity measures are defined.
Plant Capacity Utilisation: A Literature Review
Felthoven ( Alternative health care studies are Magnussen and Rivers Mobley (1999) comparing Norwegian and Californian hospitals, Karagiannis (2015) analysing Greek public hospitals, Kerr et al. (1999) focusing on Northern Irish acute hospitals, and Valdmanis, DeNicola and Bernet (2015) reporting on Florida's public health departments.
Apart from the use of basic plant capacity estimates, one can also mention some methodological refinements making use of the plant capacity concept. These plant capacity estimates are also parameters in a so-called short-run industry model trying to reallocate outputs and resources across units in an effort to reduce excess capacity at the industry level. For instance, Yagi and Managi 6 (2011) explore such model in a fishery context. Another methodological refinement using the plant capacity notion is its inclusion in a decomposition of the Malmquist productivity index (see De Borger and Kerstens (2000) and the extension by Yu (2007)). Färe, Grosskopf and Kirkley (2000) suggest integrating the plant capacity notion into the revenue function and the cost indirect output distance function and they derive a decomposition of the corresponding Malmquist productivity indices.
Short-Run Plant Capacity Utilisation
We now first recall the definition of the short-run output-oriented plant capacity utilisation measure (see Färe, Grosskopf and Kokkelenberg (1989) and Färe, Grosskopf and Valdmanis (1989) ). The definition of the output-oriented measure of plant capacity utilisation ( ( , , ) SR f o PCU x x y ) requires solving an output efficiency measure relative to both a standard technology and the same technology without restrictions on the availability of variable inputs and is defined as:
where DFo(x,y) and ( , ) f f o DF x y are output efficiency measures relative to technologies including respectively excluding the variable inputs as defined before. Notice that 0 < ( , , )
. Thus, output-oriented plant capacity utilisation has an upper limit of unity, but no lower limit.
Following Färe, Grosskopf and Kokkelenberg (1989: 660) , this leads to the following shortrun output-oriented decomposition: following the terminology introduced by Färe, Grosskopf and Kokkelenberg (1989), Färe, Grosskopf and Valdmanis (1989) and Färe, Grosskopf and Lovell (1994) .
Cesaroni, Kerstens and Van de Woestyne (2016) offer a definition of the input-oriented plant capacity measure (PCUi(x,x f ,y)):
where ( , , )
are both sub-vector input efficiency measures reducing only the variable inputs relative to the technology, whereby the latter efficiency measure is evaluated at a zero output level. Notice that ( , , )
Thus, input-oriented plant capacity utilisation has a lower limit of unity, but no upper limit.
This leads to the following short-run input-oriented decomposition:
Thus, the traditional sub-vector input-oriented efficiency measure ( , , )
and an unbiased plant capacity measure ( , , )
Long-Run Plant Capacity Utilisation
A new definition of a long-run output-oriented measure of plant capacity utilisation (
LR o PCU x y ) involves an output efficiency measure relative to both a standard technology and the same technology without restrictions on the availability of inputs and is defined as:
where 
i DF x y ≤ 1. Thus, long-run input-oriented plant capacity utilisation has a lower limit of unity, but no upper limit.
This leads to the long-run input-oriented decomposition: The long-run plant capacity notions are now straightforward to illustrate. The long-run output-oriented plant capacity measure scales up all inputs to reach a translated point e‴ that allows maximizing the vector of outputs. The long-run input-oriented plant capacity measure now equally 10 looks for a reduction in all inputs towards the translated point e″″ that is situated outside the isoquant L(y) because it corresponds to a zero output level.
Relations between Short-and Long-Run Plant Capacity Utilisation
We now establish a relation between the short-and long-run output-oriented plant capacity measures. Recalling that the short-run plant capacity measures leave a subvector of fixed inputs unaltered while the long-run plant capacity measures assume that all input dimensions can be varied to gauge plant capacity, the following proposition follows suit:
Proposition 1: The following relation can be established between short-and long-run outputoriented plant capacity measures (3) and (7) respectively:
Proof: Since the numerator in the short-run output-oriented plant capacity measure (3) equals the numerator in the long-run output-oriented plant capacity measure (7), the result follows from 
NONPARAMETRIC TECHNOLOGIES
We choose to specify these plant capacity notions using nonparametric frontier technologies, because these primal capacity notions are difficult to estimate using traditional parametric specifications. For instance, Färe (1984) shows that a plant capacity notion cannot be obtained for certain popular parametric specifications of technology (e.g., the Cobb-Douglas).
Therefore, plant capacity is measured relative to a nonparametric frontier technology obtained from K observations ( , )
k k x y , (k = 1, …, K) imposing strong disposal of both inputs and outputs, convexity and variable returns to scale (see Hackman (2008) or Zhu (2014)):
We now turn to the computation of all plant capacity notions with respect to this variable returns to scale technology. Note that alternative assumptions on technology (e.g., constant returns to scale) are ignored.
Short-Run Plant Capacity Utilisation
For the sake of clarity, we explicitly add the two linear programs ( Observe that there are no input constraints on the variable inputs. Note that Färe, Grosskopf and Lovell (1994) 
Observe that the LPs (14) and (18) are similar in that certain constraints are suppressed: the variable input constraints in LP (14) and the output constraints in LP (18). Given the nature of the inequality constraints, this is again similar to making the variable inputs decision variables in LP (15) and to setting the outputs equal to zero in LP (17): both approaches allow for an arbitrary scaling of inputs downwards and of outputs upwards.
Long-Run Plant Capacity Utilisation
To obtain the long-run plant capacity measures, just three more efficiency measures need to be computed. For the output-oriented case, DFo(xo,yo) has already been computed in (13). One just needs to compute the efficiency measure ( 
Obviously, the input constraints in (20) are redundant, since these constraints can take any arbitrary value. Hence, by omitting these input constraints, LP (20) 
Finally, for the input-oriented case, the efficiency measure ( , ) 
Observe that the LPs (20) and (23) are similar in that some constraints are eliminated: all input constraints in LP (20) and again all output constraints in LP (23). Given the nature of the inequality constraints, we again make all inputs decision variables in LP (19) and we set all outputs equal to zero in LP (22). This makes an arbitrary scaling of the inputs downwards and of the outputs upwards possible.
Relation with the Literature
Remark that LP (20) is formally identical to the output-oriented efficiency measure computed relative to a convex variable returns to scale technology without inputs proposed by Lovell and Pastor (1999) and further refined by Liu et al. (2001) . An early empirical application is Lovell and Pastor (1997) who have applied such a model to a target setting procedure established by a large Spanish savings bank. We are inclined to think that in a clear production setting where inputs can be specified (but are not for whatever reason), such a model can be interpreted as an estimate of the long run output-oriented plant capacity. Obviously, such model without inputs is also often used when assessing the efficiency of accounting ratios (e.g., see Cai and Wu (2001) or Halkos and Salamouris (2004) ) or when evaluating so-called synthetic or social indicators like the Human Development Index (e.g., see Lefèbvre, Coelli and Pestieau (2010) ). When we leave a clear production setting and inputs can simply not be specified, then of course the above interpretation does not hold.
Further remark that the LPs (18) and (23) are related to the input-oriented efficiency measure computed relative to a convex variable returns to scale technology without outputs proposed by Lovell and Pastor (1999) . Again, in a clear production setting where outputs can be specified (but are not for whatever reason), we are inclined to think that such a model can be interpreted as an estimate of the short-run (18) or long-run (23) input-oriented plant capacity.
Obviously, when we leave a clear production setting and outputs can simply not be specified (e.g., in case of social indicators), then of course the above interpretation is not valid. We are unaware of any other economic context in which these specific variable returns to scale models without outputs have ever been used.
NUMERICAL ILLUSTRATION
We illustrate the ease of implementing some of the new plant capacity definitions introduced in this contribution by using a small set of artificial data. First, Figure 2 illustrates the components of the output-oriented capacity measures defined by (3) and (7). Consider observation a with inputs xv = 7.5, xf = 5.5, and output y = 3.5. Second, Figure 3 illustrates the components of the input-oriented capacity measures defined by (5) and (9). To serve this illustration, two sections are added to Figure 3 : the section by the plane α parallel to the variable input axis represents the short-run plant capacity measure; the section by the plane β going through the origin intends to illustrate the long-run plant capacity measure. These two sections have been projected in two dimensions in Figure 4 : the horizontal axis represents the variable input, the vertical axis denotes the output. Similar computations as those illustrated above can be executed on all observations provided in Table 1 . The resulting plant capacity measures and its components are reported in Tables 2 (output-oriented) and 3 (input-oriented).
<TABLES 2 AND 3 ABOUT HERE>
CONCLUSIONS
This contribution introduces new output-and input-oriented plant capacity measures taking a long-run perspective complementing the existing short-run output-and input-oriented plant capacity measures. While the short-run output-and input-oriented plant capacity measures leave a subvector of fixed inputs unaltered, the new long-run plant capacity measures allow for changes in all input dimensions to determine either a maximal plant capacity output in the output-oriented case or a minimal input combination at which non-zero production starts in the input-oriented case.
Also a relation between these short-and long-run plant capacity measures has been established. For a standard nonparametric frontier technology with variable returns to scale, all linear programs (including some variations) are discussed computing the efficiency measures defining these plant capacity concepts. We also develop a relation with frontier models without inputs and without outputs: these long-run plant capacity measures turn out to offer a perfect production economic justification for the use of these existing frontier models earlier proposed by Lovell and Pastor (1999) .
A numerical example has served to clarify the geometric intuition behind these new plant capacity measures and Section 5 illustrates these relations between short-run and long-run plant capacity concepts.
Though the existing short-run plant capacity measures have enjoyed some popularity among applied economists, it is fair to say that these concepts have mainly been employed in a specialised efficiency literature. We hope these new long-run plant capacity definitions can contribute to enlarge the empirical toolbox available for practitioners in production economics at large. 
